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On Parallel Surfaces. By S. ROBERTS, MA.
[Read January 9th, 1873.]

In the present paper the snbject is treated with reference to order
and class characteristics.

1. A parallel surface is enveloped by planes parallel to the tangent
planes of a given surface at a constant distance h. The given snrface
will be called the primitive, and k is the modulus. It is hardly ne-
cessary to recapitulate the various equivalent ways in which a parallel
may be defined.

If the primitive is a general surface of the order m, and U = 0 is its
equation in rectangular coordinates, the parallel, modulus Je, has for its
equation the net resultant, equated to zero, of the system

U = 0,
fly+iz-yy-tf = 0,

j-a, y-(3, z-yl _Q

u 8 S 'tJi, U*

where Ui, Ui, U8 are written for —, ——, —, and the determinant
ax ay dz

matrix gives three equations equivalent to two conditions. The coor-
dinates a, /3, y refer therefore to a point on the parallel corresponding
to the point (x, y, z) on the primitive.

Instead of the above system, we may write
(Ui + Ua + U3; (»—a) — ArUi = U,

U = 0;
allowing for extraneous systems.

The primitive is supposed to have no special relation to the plane at
infinity, and it will then be sufficient to determine the highest power
of y which enters the equation of the parallel. The axes of coordinates
being arbitrary, except that they are supposed to be rectangular, it is
clear that the infinitely distant points upon them will not in general lie
upon the surface, and the highest power of y in the equation will also
give its degree.

The gross order of the resultant is 2m8, since y only appears in the
third equation. The system contains, however, twice over the ex-
traneous system aJ—a = 0,

U, = 0,
U , ( y - / J ) - U 1 ( « - y ) = 0 f

U = 0;
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and there is no other such system containing y. The order of the con-
dition for the coexistence of the last system is m (TO—1).

The order of the parallel is therefore

that is to say, it is equal to twice the number of normals which can be
drawn from an arbitrary point to the primitive.

When we make a, |3, y constant in the equation of the parallel, it
gives as an equation in h1 the values of the squares of the normal dis-
tances from the point (a, /3, y) to the primitive. The number of pa-
rallels which can be drawn through a given point is obviously equal to
the number of normals from that point for finite space.

2. Let r be the length of a principal radius of curvature of the pri-
mitive at the point (», y, z). Then we have the condition

where P = itf + U, + U8\

df + ?)
n (dU
Q = \df

(.dxdy dxdz dor dydz)

Also, if a, /3, y are the coordinates of the centre of curvature corres-
ponding to r,

rVx o rU9 rUs

Substituting —— for X, we get the system
x—a

If from these equations we eliminate x, yy z, and equate the resultant
to zero, we shall have the equation of the surfaces of centres together
with an extraneous factor.

The order of the gross resultant in y is
(m — 1),
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but the extraneous system
z-a = 0, Ui = 0,

U,(y- /3) -Ua(*-y) = 0,
U = 0,

gives rise to the order m(m—1), which has to be deducted twice.
Hence the order of the surface of centres is

This order has been given by M. Darboux, " Comptes Rendus," 1870,
p. 1828; and by Herr Lothar Marcks, "Math. Annal." b. v., h. 1.

Now we have to consider points of the parallel corresponding to
points on the pri'mitive at which a principal radius of curvature is
equal to the modulus. Such points of the parallel are on the surface
of centres when they lie on the same side of the primitive as the cor-
responding centre of curvature, and form a locus which is in fact the
caspidal curve of the parallel, since it is double and the tangent planes
at its points coincide.

To obtain the order of the curve we must associate with the system
(a) the equation (x—n)a+ (y—/3)a+ (z-y)»—tf =r 0.

In this case also, since the axes of coordinates are not specially
related to the curve, it is sufficient to find the order in y of the con-
ditions for the coexistence of the five equations now in question. By
the general formula for the case of five equations homogeneous in four
variables, the gross order in y is

8 m ' ( m - l ) ;
but the system

3 - 0 = 0, ^ , = 0, U , (2 / - /3 ) -U a ( s -y )=O, U=0,
(z-ay+(y-(iy+(z-yy-k* = o,

has to be twice excluded as before. The corresponding order for this
system is 2m (m —1) and the required net order is

8wi1(m-l)-2.2m(w—1) = 4m ( m - l ) ( 2 m - l ) ;

that is to say, the order of the cuspidal curve of the parallel is twice the
order of the surface of centres.*

As, however, in the last deduction, the notion of the order of two
conditions in one variable is introduced and may seem to call for con-
siderable explanation, it is perhaps more satisfactory to obtain the
result as follows.

If we consider the order of the conditions in /3, y (which is equivalent

• In my paper on the Parallels of Conicoids (Proceeding*, Jan. 1872), I waa
'led by insufficient reasons to suppose that a further reduction should be made of
8 ( ) ( 2 )
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to finding the number of points in which the curve in question is met
by a plane) so that the system is of the form

Order in

«. y,«
4m— 4

m
m
VI

2

Pi
0
1
1
0
2

we have to deduct for the system
1,-/3 = 0, Ua = 0, R ( a 5 - a ) 2 - Q U , ( a 5 - ^

U = 0, 2 (*-<*)'-&» = 0,
as well as twice the order for the system

as-a = 0, Ui = 0, &c.
That is to say, we get, as a major limit,

j 16ma (m-1) + 8»i (m-1) | - 8 m ( m - 1 ) 1 - 2 . 2m (m-1) ,
or 8?>is+4m9—12m.

The net order required cannot be more than this, since we have
obtained the order as if the second equation of (a) contained y as well
as /3 in the order 1.

But if we treat the system as if the second equation did not contain
either /3 or y, we get the result

8m8—12ma+4m,
which is a minor limit. We can now infer that 8ms is the true lead-
ing term, and since the value required vanishes for m=0, m = l , and
for w=2 is 24, we have

m(m—l)(8m+A)

giving 4m (m—l){2m — 1).
There is reason to believe that the order of the cuspidal curve in

question is twice the order of the surface of centres, much more gene-
rally than I can show analytically. For the question is to determine
the order of the curve which is traced on the surface of centres by
points where the moving normal length becomes a principal radius of
curvature of the primitive at the corresponding point. This order is to
be taken for a modulus k. Now, supposing the surface is not specially
related to the plane at infinity, it can be shown that, in the limit when
h = oo, the curve in question becomes the section at infinity of the
surface of centres taken twice over. In fact this section is the locus
of centres for principal radii of curvature infinitely great, and must be
taken twice, because we have h = ± oo. At all events, the conclusion
seems to hold in a great many widely different cases, and even where
singularities exist at infinity. Thus, in the case of the paraboloid, the
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order is 18; and in that of Dupin's Cyclide, the surface of centres con-
sists of two conies, and is therefore of the order 0, while the parallel,
breaking up into two cyclides, has no cuspidal curve. In general, a
surface of revolution conies within the result, if an axial plane section
is not specially related to the plane at infinity. When there is no
singularity at infinity, one might perhaps appeal to the law of con-
tinuity.

3. To any set of parallel tangent planes, drawn to the primitive, cor-
respond twice the number of parallel tangent planes, similarly directed,
of the parallel surface. Hence tlie class of that surface is twice Hie class
of the primitive.

Also, since to a cylinder which envelopes the primitive corresponds
a cylinder enveloping the parallel surface and being the parallel,
modulus ky of the former cylinder, it follows that the characteristics of
the general tangent cone can be immediately derived from those of Hue
parallel of a plane curve in plane space.

We have now obtained a sufficient number of the characteristics of
the parallel to determine the values in the following table:—

AHALLEL.

Order
Class

Order of tangent cone
Number of its double

edges
Number of its cuspidal

edges*
Order of nodal curve

Order of cuspidal curve
Class of node couple torse

Class of spiaode torse

RECIPROCAL OF
PARALLEL.

Class
Order

Class of section
Number of its double

tangents
Number of its inflex-

ional tangents
Class of node couple

torse

Class of Bpinode torse
Order of nodal curve

Order of cuspidal
curve

2(m8-«»s+»t)
2m (m-1)2

2ms(m-l)
2«i (m- I)(m4-fns-7m + 8)

2m (in —1)(4«—5)

2 (frt3-OT*+m)8-6ff» (m- 1)(2>M- 1) -

= m (2w5-4m4+ 6w3- 18w8+ 22wi-7)
4>»(m-l)(2m-l)
»»(m-l)(f»-2)(fn»-m3-*-»n-12) +

= m ( m - l)(2»»4-6w3 + 6wa- 1C«» + 25)
8m(m-l)(f»-2)

In other words, we possess the characteristics of the plane sections of
the parallel and its reciprocal.

To every triple tangent plane of the primitive will correspond two
for the parallel, but there may be more.*

* It seems probable, geometrically, that tho spinodo torse of the parallel is tho
parallel of the spinode torse of the primitive; and in like manner, that tho nodo
couple torse of the parallel directly corresponding to that of tho primitive, is tho
parallel of the latter torse.
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4. "We may also write for the fundamental equations connecting a
point on the parallel with the corresponding point on the primitive

If therefore d=& = 0, P ^ O , we have a=aj, j3=y, y = s, or the pri-
mitive enters twice in the parallel, modulus 0. When P = 0, the sys-
tem gives a distinct surface as part of the parallel. This surface is
the developable which circumscribes the primitive and the imaginary
circle at infinity, that is to say, the focal torse of the primitive.

To find the equation of this torse| we may consider that the tangent
plane at (x, y, z) of TJ, i. e., if o, j8, y are the current coordinates,

( a -* )U 1 +( /3 -2 / )U 2 +(y - 2 )U 8 = O (c),
is parallel to the plane nU1+/3TJ2+yU3 = 0,
which is to be a tangent plane of the point cone

Hence we have Ui + Uj + U ^ O (d),
and with (c) and (cZ) must be combined

The equation (e) expresses that the algebraic distance of any point on
the torse from the point of the curve of contact P = 0, U = 0 on the
same generator, is nil.* The system now arrived at is obtained directly
from the system (6), when ft=0, P=0 . If we actually proceeded with
the elimination^ we should get the square of the equation of the deve-
lopable, the order of the resultant being 4an3 (m—1). But we may
avoid the doubling of the order by taking the derived system

U = 0,

( a . _ a ) U a _ (2/_/3) 1^ = 0,
(* -a ) U 3 - ( z - y ) U l = = 0 .

The order of the resulting equation in y is 2wa (m—1).
It is easy to see that this focal torse will form part of the parallel,

modulus 0. In that case the generating sphere is in fact a cone en-
veloping the circle at infinity. The primitive is the locus of the nodes.
The developable is more strictly the parallel, modulus 0, of the curve
of contact.

5. Because a finite length is evanescent at infinity, all the parallel
surfaces, to finite moduli, of a given primitive have the same section at
infinity, and its nature may now. be inferred.

• According to French nomenclature, right lines moeting the imaginary circle at
infinity have Leon usefully termed " lines of no length."
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In the first place, the corresponding section of the primitive is a
double curve on the surface.

The developable of which I have been treating is one which circum-
scribes a surface and a plane curve. Consider, then, the section by the
plane of the curve. This section consists of (1) the plane curve which
js multiple in the degree n, if n is the class of the surface; for through
a tangent of the curve can be drawn n tangent planes to the surface;
(2) the common taDgents of the curve and the section of the surface
by the plane of the curve. These are generators of the torse. Thus,
for the general surface, the section is
2 (section of primitive) + m(«i— I)2 (circle at infinity) + 2m(m—1) lines.
We may also consider the section at infinity as a line of curvature on
any surface (in so far that the normals along the section form an en-
velope which lies on the surface of centres) ; and a finite modulus at
infinity being evanescent, the section will consist of the parallel, mo-
dulus 0, of the corresponding section of the primitive together with the
locus of points corresponding to the curve of contact of the focal torse,
i. e., the multiple circle.

5. Probably the most symmetrical as it is the most obvious form of
the equation of a parallel surface, is the tangential one

0(u + &, /3 + fc, 7 + k, o + k)=0,
where the coordinates are the perpendiculars from four fixed points of
reference to the tangent planes, and

^ ( r i / 3 y o ) = 0
is the corresponding tangential equation of the primitive. If II is the
expression in these coordinates for the imaginary circle at infinity, we
must make the above equation homogeneous by writing k ̂ /JT for k,
and the result, when rationalised, is of the form

It is easy to see that the point polar of the plane at infinity is the same
for the parallel and the primitive.

For more detailed statement, however, I prefer correlatives of Car-
tesian coordinates, which I have hitherto employed; that is to say, if

represents a plane in x, y, z; I take X, T, Z, — 1 as the coordinates of

the plane. Let then <j> (X, Y, Z, - 1 ) = 0

be the reciprocal of the equation of the primitive, so that the plane ( / )
touches the primitive.

A plane which is parallel at a distance k to the tangent piano of the
parallel touches the primitive. Such a plane is represented by

X'x + Ty + 71z -1 ± fcR' = 0,

where B' is written for
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The reciprocal of the parallel (or the parallel itself tangentially) is
represented by <f> (X, Y, Z, — 1 =fc fcR) = 0,

which may be written <l>2 - ArR2¥» = 0 (</),
accents being omitted.

In other words, the reciprocal of the pai'allel is obtained by writing

— =F 7c for — in the reciprocal of the primitive expressed in polar co-
R R
ordinates.

6. We are now able to see that the spinode torse of the parallel is
of twice the class of the spinode torse of the primitive, and that the
node-couple torse consists of a surface of twice the class of the node-
couple torse of the primitive together with another surface of the class

m(in-l)*\m(m-iy-l\.
In fact, let us suppose that (Xi, Y,, Z,) is a stationary plane or a dou-

ble tangent plane of the primitive. Then for the corresponding planes,
which are stationary or doubly tangential with respect to the parallel,

w e h a v e

and we are to take all the fc's positive or all negative.
Hence to such planes of the primitive passing through the point

correspond twice the number of such planes of the parallel passing
through the same point, or the class of the torse of the parallel is twice
the class of tho corresponding torse of the primitive.

But we have also, from tho form of the equation, a node-couple torse

of the order m(»t— I)'2} m (»t— l ) a —1}.
It appears further that if the primitive has a spinodo torse of tho

class c', and a node-couple torse of the class b\ tho parallel will have
in general a spinode torso of tho class 2c', and a node-couplo torso .of
the class 2b', together with one of tho class n(n — 1), where n is the
class of the primitive.*

Tho equation of the j>th parallel of tho primitive, tho parallels being
taken to successive moduli A-,, A-2, ... A*,,, will be of the form

<p (X, Y, Z, - 1 ± A:,R± A-,R =fc ... d= APU) = 0.

I t breaks up accordingly when rationalized.

I t will bo observed that if wo mako Z = 0 in tho reciprocal of tho
parallel, the result is in the form of the (reciprocal of the parallel) of tho
(reciprocal of a piano section) of tho (reciprocal of tho primitive). Tho
characteristics are therefore known. Hut this amounts to the same
thing as taking the parallel of tho enveloping cylinder as ante, and is

* Sec noto, p. '2i2.
VOL. IV.—NO. 55. 4
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better expressed by saying that the equations (g) and Z = 0 tangentially
represent a corresponding enveloping cylinder.

7. When the primitive is general in its class n, we can proceed
further in determining the characteristics of the parallel. For in this
case there is no spinode torse, and the node-couple torse envelopes a
Bui'face of the class n and another of the class n—1. The primitive
being still without special relation to the plane, at infinity, the charac-
teristics of the tangent cone can be obtained directly from those of the
parallel of a curve in plane space.

We can determine a sufficient number of characteristics to enable us
to tabulate the general characteristics of the family of sui'faces to
which the parallels belong. The results will, however, indicate rather
the equivalents of the singularities than the singularities themselves.
It must be borne in mind that the case of quadrics, to which it is
natural to refer, is specialized in three particulars; viz., a quadric is
(1) a ruled surface, (2) symmetrical about three planes, and (3) general
in class and order.

8. Referring to the list of characteristics given in my paper "On the
Parallels of Conicoids and Conies" (Proa, Jan. 1872), I obtain the
following results:

2(n3-n2+n)*

a
B

b
2k

2
P
j
c
h
r
a

2n\
2n(n-l)(
Gn(n-l),

n(n-Y)(4nl°-l2n»+28nB-9Gii7

+ 180»8-260tt5+487/»4-577tt3+395»2-514»+440)

0,

8* (» - 1 ) (» - 2) (2»8 + na - 5» - 30),

* For a general (xntic of reciprocation, tho orders of tho parallels of a surfaro
and its iviMprocal are therefore the aanie. The centro may, however, he BO taken aa
to alter this, hy introducing special relations to tho plane at infinity.
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2n,

227

n(n-\Y(n-2)
2

0,

2n(n~lf,

0.
The form of equation (g) shows that there are 2u(u—1) pinch-

points on the nodal curve of the reciprocal. They lie on the point-
sphere X2-fY2+Z2 = 0, and are independent of the modulus. We
know also the values of h' and q for a curve forming the complete in-
tersection of two surfaces. The value of p is also easily obtained from
the equation.

In fact, treating (g) as a point-equation, we have for the first polar

of a point 2*D*-2Jfc2R2¥D¥—Ar¥2DR8 - 0,

where D stands for X! -— -f Y, —f + Zj — +W, ——-, and the equation
ttX uY dli d\\

(g) is supposed to be made homogeneous by the introduction of W for
negative unity.

By substitution, and dividing by *, we get

2D*-2ftRD¥—*DR* = 0;

and tho intersections of tho curve of contact of tho tangent cone from
(Xu Y1} Zl5 — 1) with the nodal curve are given by

9. If two surfaces tonch, their reciprocals with regard to the same
quadric surface also touch. Since a parallel is the locus of the centres
of spheres of constant radius touching tho primitive, its equation can
bo obtained by forming the condition that

9 ( X , Y , Z , - l ) = 0 1 , . ,

may touch. Tho first equation is the reciprocal of tho primitive, the
second is that of tho system of spheres.

This modo of proceeding is not, in fact, usually the most convenient;
but it suggests some importaut inlbrnnces.

Wo may interpret tho system (</') thus:
If a surface is touched hy a series of tj^uadrics of revolution with a

2
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common focus, tJie eccentricity of each being proportional to the distance
from, the focus of the pole of the directrix with respect to a sphere about tho
focus as centre, the locus of the poles is a parallel of the reciprocal of the
surface with reference to the same sphere.

To bring the subject under a more general point of view, we may
consider the envelope

$>(X,Y,Z,W)=0 (70,
= 0 (&)•

This seems to be the general class of envelopes to which parallels
naturally belong.

Taking the reciprocal of the second equation, we get

b c a / \a b
(0.

When we combine with this
0 0*. ?/. z,w)z=0 (m),

the envelope bears the same relation to 0 that the envelope [(&), (&)]
bears to the reciprocal of <p, and we see that in general the order of the
one envelope is the same as that of the other; in fact the one can be
derived from the other by obvious substitutions which do not affect
the order.

For a parallel surface, it will be observed we can make d=0, W = l
at once in (k), but in (I) d enters as a factor, and must first be divided
out, and then equated to zero in the residuum.

According to a remark by Mr. W. Roberts, the equation of a parallel
surface will give the first negative pedal of the primitive by writiug
x'-rif+t2 for k2, the values x, y, z being each one half of the corres-
ponding coordinate of the pedal. The form (g) becomes, in this caso,
remarkably symmetrical, and we have

? (X,Y,Z , - l ) = 0,

the second equation represents a system of paraboloids with a common
focus. The surface in (x, y, z) is such that one of the normal distances,
fiorn a point on it to the primitive, is equal to its distance from a fixed
point. In other words, the surface is the locus of the centre of spheres
pissing through a fixed point, and touching the primitive. And it is
therefore the reciprocal of tho inverse of tho primitive in accordance
with known results. The order of the surface is, however, reduced by
the special substitution for h2.

10. It becomes evident, on looking at the system ( / ) , that if the
tangential equation of the primitive is of the form
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the parallels will break up. Eliminating X2+Y*+Z2 by means of the
equation k2 (Xa + Y* + Z2) -(Xx + Yy + Zz- i ) s = 0,
we get an equation

WV-lXx+Yy + Zz^-])*** = 0,
which represents two surfaces having the same general characteristics.
The two surfaces forming the compound parallel will therefore also
possess in general the same characteristics.

The equation (n) may be interpreted in general thus. If a surface of
the class 2w has the imaginary circle for a multiple curve in the degree n
and a node-couple torse of the class n (n—1), and if the node'-cmtple torse
and the developable generated by the tangent planes at points on tlie ima-
ginary circle, envelope the same surface of the class n, the node-couple
torse also enveloping a surface of tlie class n — 1, then the parallel of sitch
a primitive will break up.

But the result may be materially modified by special singularities
arising from particular relations of $, ¥ , and X2 + Y2 + Z2. The parallel
will, however, still break up, but the nature of the primitive will be
altered so that the general conditions will cease to apply.* It is plain
that when the parallel surface breaks up, so must also the enveloping
cylinder, and vice versa.

11. Further, considering that the system (gf) gives the corres-
ponding system for plane space by simply removing Z and z, we see
at once that the torse tangentially represented by

* (X, Y, Z) = 0,
X2+Y2+Z2==0,

will have for its sections, by any series of parallel planes, the parallels
to imaginary moduli of curves in plane space.f

For, in taking the reciprocal by means of the condition that
Xx + Yy + Zz-l-0

may touch the curve which is represented when X, Y, Z arc point
coordinates, we may first eliminate Z, obtaining

0(X, Y, y-X^Y5)=0 OO,

and the further process is precisely that of obtaining the parallel of the
reciprocal curve to (p), the modulus being </—?}. So that planes

• As an example, take the tangential equation R = a + ~ , or tho surface of

revolution, of which an axial section is the first negative focal pedal of ti conic;
i.e., the reciprocal of a Limacon of Pascal.

t Ilonco, if we take two parallels of a curvo in plane space, and place them in
parallel pianos, joining at the same time corresponding points by thre.ula, we get a
humographic transformation of a torse of the kind mentioned in tho toxt.
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parallel to the plane z=0 cut the torse in sections which are parallels
of the sections by z=0.

In general, however, it is necessary, on account of the radical, to
associate with (j)) the equation

so that the rationalised form is

a form which, according to what has been stated with reference to
space of three dimensions, gives rise to a broken parallel.

If a surface is symmetrical about a plane, its reciprocal with respect
to any point in the plane will be also symmetrical about the plane.
Or, as it may be stated, the tangential equation may be taken so as to
be symmetrical with respect to a point.

We have then an equation of the form
<f> (X, Y, Z2) = 0,

and the parallels in plane space forming the corresponding sections of
the torse, when Z is eliminated, will not break up.

This will be made more clear by taking a simple case.

If we are given - + ^- H 1 = 0 ,
a o c

then the system, representing the focal torse
aX2+6Y2+cZ2-l = 0,

X2+Y2+Z2 = 0,
gives a series of parallel curves which do not break up, and the cor-
responding torse does not break up. But if, instead of taking the
centre of the given surface as the centre of reciprocation, we take
another point, the corresponding system is, say,

(AX+BY+CZ-l)2-OX2+6Y2+cZ2) = 0,
X2+Y2+Z2 = 0,

and we get, by the process indicated, two developables. These surfaces
belong to distinct conicoids, but have of course the same characteristics.
The present case, however, applies to a species of surface which is
necessarily symmetrical about a plane. When this is not so, we can-
not infer that a plane section of either of the developables is a complete
parallel in itself.*

12. With regard now to the sections of tho focal torse, let
9 ( X , Y , Z ) = 0

• I have lately seen that M. Darhoux has shown that the sections are parallels.
His proof is elegant and simple, depending on the fact that the generators of the
torso in question aro normal to any curve on tho surface. [Mem. de la Soc. des Sciences
de Bordeaux, t. viii., p. 303. 1872.) The present point of view is altogether different.
See also " Nute on the Parallel Curves of Conies," Quarterly Journal of Mathe-
matics, March, 1872, pp. G4, G5.
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be of the class n with a node-couple torse of the class b, and a cuspidal
torse of the class c, then the result of eliminating Z from the above
equation by means of X2 + Y2-f-Z2 = 0 will take in X, Y the form of
the tangential equation of a plane curve, having 26 double tangents
and 2c inflexional tangents, arising from the singular developables, and
n (n— 1) double tangents due to the effect of rationalising the equation.
The class of the curve is 2w, and we can get its other characteristics.
For instance, if the surface <p (X, Y, Z) = 0 possesses point generality,
and is of the order m, the curve in question, which is in fact the en-
velope of projections on its.plane of the tangent planes of the develop-
able, is tangentially represented by

and has the circular points at infinity for multiple points in the degree
m(m— I)2, the class is 2ra (m—I)2, and the order 2m2 (m—1) is ob-
tained by making use of the known values of b, c for a general surface.
The order of the parallel of such a curve is 4m2(ra—1), the class is
Am (m — I)2; and if h and if are the double points of the primitive curve,
2B+4tm* (m—I)2 and 2«r are the corresponding numbers for the paral-
lel. Of the double points 4m* (m— l)a are due to the intersections
of the two curves into which the parallel breaks up. The character-
istics of each distinct curve of the parallel are those of the primitive.

It will be noticed moreover that the characteristics of the primitive
are those of a plane section of the tangent cone to a parallel of the
general surface with which we set out.

A great deal of what has been said will apply to hyper-space. Thus,
if we take the hyper-torse

0 ( X , Y , Z , W ) = O,

and eliminate W, while taking the condition that these equations and
Xa + Yy + Z*4 W u ' - l = 0

shall have a double solution, it appears that parallel sections of
the hyper-torse will be parallels of surfaces in three dimensions to ima-
ginary moduli, and so forth.

13. When there are singularities in the primitive, the order of the
parallel is still twice the number of normals which can be drawn to the
surface from an arbitrary point.* Suppose, for instance, that the sur-
face is still not specially related to the plane at infinity, and is of the
order m and class n. Then, considering the section of the parallel at

* The number of normals from an arbitrary point to a general surfaco has long
been known, and was first determined, I believe, by M. Torquem. I do not know
how far the result may have been generalised. In determining the order of the
parallel for surfaces with singularities, we also obtain the corresponding number of
normals.
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infinity, we have seen that it consists of the corresponding section of
the primitive taken twice, of the common tangents of that section and
the imaginary circle at infinity, and of the circle at infinity which is
multiple in the degree n. Hence the order of the parallel is

where a is the order of the tangent cone, or class of the general section of the
recijyrocal of the primitive.

The characteristics of the tangent cone are obtained in the manner
already mentioned, by considering a cylinder enveloping the surface.

The class of the parallel is twice the class of the primitive in every case.
A cnionode diminishes the order by 4, and a binode by 6.

14. If the primitive has p contacts with the plane at infinity, the
order of the focal developable, and therefore the order of the parallel, is
reduced by 2p. Obviously the order of the parallel cannot be less than
2m, m being the order of the primitive.

The order of the tangent cone is not, however, reduced by contact at
infinity, and its characteristics cannot now be directly obtained from
the consideration of an enveloping cylinder, since the plane at infinity
is specially related to the primitive. The contacts at infinity give
rise to a singular point at the origin on the reciprocal surface of the
parallel, but do not affect the orders of the nodal and cuspidal curves
on that surface. Hence we may obtain the characteristics of the tan-
gent cone, which are in fact the same as when there are no contacts at
infinity. Considering, again, the section of the parallel at infinity, wo
can see that in fact the circle at infinity is multiple in tho degree
n—p when there are p contacts with the plane at infinity, and the ge-
nerators at infinity of the focal torse which pass through the p points
of contact count twice over.

When, however, tho primitive is specially related to the plane at in-
finity and the imaginary circle on that plane, it is best to consider how
many normals can be drawn from an arbitrary point.

For the form of the equation (</') shows that the coordinates and k
enter the equation in the same degree, but k2 necessarily enters in a
power equal to the number of normals from an arbitrary point. Thus,
if the primitive is a surface of revolution, the number of normals is the
number that can be drawn to an axial plane section from a point in its
plane, and the order of the parallel is twice this number. The number
of normals which can be drawn to Dupin's cyclide from an arbitrary
point is 4, and the order of the parallel (which breaks up) is 8.*

15. With reference to skew surfaces, it is of importance to deter-

* I shall perhaps mention this subject again with reference to the number of nor-
mals which can be drawn to a surface with singularities.
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mine the effect of a straight line contained in the primitive and meet-
ing the imaginary circle at infinity. For such a line all the normals lie
in one plane, namely, the piano which contains the line and touches
the circle. This being so, it appears at once that, in general, to the
line in question correspond two lines on the parallel also in the same
plane and meeting the circle at infinity in the same point. But from
the peculiarity of this imaginary plane, it is necessary to consider the
multiplicity of these lines on the parallel. To determine this, we may
refer to the case of quadrics, on the parallels of which such lines are
double. Hence, in the case of a ge7ieral shew surface, for every generator
which meets the circle at ivfinity there are on the parallels two nodal lines
meeting the circle in the same point.*

The circle being already multiple, we have on it points of higher
multiplicity by two. If, however, there are several such straight
lines on the primitive intersecting in the same point of the circle, the
points are of still-higher multiplicity. This is the case in quadrics in
which pairs of generators so intersect.

M. Darboux has found that the imaginary planes in question triply
touch the surface of centres along certain curves, and correspond in
this respect to the eight planes of Prof. Clebsch, containing cuspidal
conies of the surface of centres of a quadric.

As a further analogy, it may be mentioned that, if the primitive is
symmetrical about a plane, the section of the parallel by the plane will
contain the parallel in plane space of the corresponding section of the
primitive, together with a double curve, the order of which can be
derived from that of the parallel.

16. A parallel of a primitive surface of revolution is plainly also a
surface of revolution, and a section by a plane through the axis is a
parallel of the corresponding section of the primitive to the same
modulus. Thus the determination of the nodal and cuspidal curves
depends on the general theory of surfaces of revolution.

If a section of a surface of revolution by a plane through the axis
has $ double points and K cusps, of which tf double points and «/ cusps
are on the axis, there will be

~ nodal circles, K K cuspidal circles,
2 a

B' cnicnodes, • K binodes.
The degree of the tangent cone will be

where n is the class of the section in question.

• When the tangent planes at points on a line of no length contained in a surface
touch at p points, the corresponding lines are generally p +1 fold.
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If, then, we reciprocate with respect to a point on the axis, wo shall
have a surface whose axial section Is of the degree w, with 3(M—»0+ K

cusps, and fa-m)(n + Wt-fl) + a

will be nodes on the axis corresponding to circles of

plane contact on the original surface. These will be generated by tho

i — double tangents necessarily perpendicular to the'

axis. These results will have to be modified if inflexional tangents are
perpendicular to the axis.

Two points of the imaginary circle at infinity are singular points
upon any surface of revolution of a higher order than the second. The
focal torse of a surface of revolution consists of the point-spheres at
the axial foci of a section by a plane through the axis. The number of
these foci is equal to the class of the section. We must remember that
the parallel of any such section will have multiple points at infinity.
It is useful to regard the singularities of a surface of revolution in
connection with established formulae for general surfaces; but tho
subject is only incidentally connected with that of this paper, and
cannot now be dwelt on.

17. A developable of the order r may be regarded as an extreme
case of an ordinary surface. The order of the tangent cone will be n,
the number of tangent planes which can be drawn through an arbitrary
point. The class of the surface is 0, and the order and class of the
parallel surfaces are 2 (r+w) and 0 ; or it is also a developable, as is
otherwise evident. It is easy to show that the differential condition is
satisfied.

The theory of developables is usually associated with that of curves
of double curvature.

18. A curve of double curvature may also be regarded as an extreme
case of a surface. The surface order in this view is 0, the class is r,
the degree of the reciprocal torse, or what is the same thing, the degree
of the torse generated by the tangents of the curve (rank of the sys-
tem) ; the order of tha tangent cone is TO, the order of a cone enveloping
the curve, that is to say, the order is the degree of the curve. The
order of the parallel tubular surface is therefore 2 (r+m), and the class
is 2r.

Although the general parallels of developables and curves are in
point of fact surfaces, the specialities of the primitives are so great
that it is desirable perhaps to treat them apart, and I do not therefore
develope more fully this branch of the subject in the present paper.
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19. If X, T, Z are the coordinates of a point on a parallel corres-
ponding to the point whose coordinates are x, ?/, z on the primitive, and
p, q, r, s, t signify as usual the first and second differentials of z with
respect to x and y ; P, Q, R, S, T being the corresponding expressions
for Z, X, T ; the following relations hold:—

* = P, 8 = 0,
fdX dY^dX dY\(d^ dy_dx_ §y\ *
\dx ' dy dy ' dx ) \dX ' dY dY ' dX/ ~ '

0 _ # X dY_dX dY
dx dy dy dx

(1 + P-) S-PQR = I \(l+f)s-pqr],

(1 + Q2)S-PQT = |

dx

dY

The immediate conclusions from these formulae are, however, geome-
trically obvious. Thus an umbilicus on the primitive corresponds to
two umbilici on the parallel. To a plane line of curvature corresponds
a plane line of curvature; the differential equation determining the di-
rections in which a given normal is intersected by successive normals
is the same for the system, and so forth.
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February 13th, 1873.

Dr. HIRST, F.R.S., President, in the Chair.

Prof. R. Stawell Ball and Dr. J. Hopkinson were elected Members;
and Prof. A. Gk G-reenhill, of Cooper's Hill College, was proposed for
election.

The following papers were read :-*-
Prof. H. J. S. Smith "On the Higher Singularities of Plane Curves,"

and "On Systems of Linear Congruences."
Mr. J. Macleod " On the Application of the Hodograph to the

Solution of Problems on Projectiles."
The President, Mr. Roberts, and Mr. Cotterill, made remarks on the

communications.
The following presents were received :—
"Annual of the Royal School of Naval Architecture," No. 3, Jan.

1873: from Mr. C. W. Merrifield, F.R.S.
" Bulletin des Sciences Mathematiques," table des matieres, Vol. iii.,

and No. 1, Vol. iv\, Jnn. 1873.
11 Crelle," 75 Band, 3M Heft.
"Monatsbericht," Sept. and Oct. 187-2.
" Journal of the London Institution," No. 18, Jan. 27, 1873.

ARITHMETICAL NOTES.*

By HENRY J. STEPHEN SMITH, Savilian Professor of Geometry in
the University of Oxford.

I.—On the Arithmetical Invariants of a Rectangular Matrix, of
which the Constituents are Integral Numbers.

1. Let ||atf|| represent a rectangular matrix of the type nx(n+m),

and let V, be the greatest common divisor of the •——---;
° fTs.II(n—8)

X \ "*" •/—- minor determinants of order « which appertain to
Ils.n(n+m—s) ™

• Being three Papers read at the January and February (1873) Meetings of the
Society.




